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Abstract. Kahn and Markovic [9] proved that the fundamental group of each 
closed hyperbolic three manifold contains a closed surface subgroup. One of the 
main ingredients in their proof is a theorem which states that an assignment 
of nearly real, complex Fenchel-Nielsen coordinates to the cuffs of a pants 
decomposition of a closed surface S induces a quasiFuchsian representation 
of the fundamental group of S. We give a new proof of this theorem with 
a slightly stronger conditions on the Fenchel-Nielsen coordinates and explain 
how to use the exponential mixing of the geodesic flow on a closed hyperbolic 
three manifold to prove that our theorem is sufficient for the applications in 
the work of Kahn and Markovic [9] . 

1. Introduction 

Kahn and Markovic [S] recently proved that the fundamental group wi(M) of 
any closed hyperbolic three manifold M has a closed surface subgroup. Their 
proof uses the exponential mixing of the geodesic flow on M in order to find a 
"well-distributed" finite collection of skew pants in the three manifold M that have 
large and nearly equal cuff lengths, that are nearly flat, and that can be glued 
pairwise with nearly zero angles. The collection of skew pants has a subcollection 

V that closes to form an abstract closed surface S of (high) genus with nearly real, 
complex Fenchel-Nielsen coordinates on V. The final step in the proof of Kahn and 
Markovic [5] is to show that nearly real, complex Fenchel-Nielsen coordinates on 

V necessarily induce an isomorphism between the fundamental group tti (S) and a 
quasiFuchsian group. Our contribution is to give a new proof of this statement. In 
fact, we prove a slightly weaker statement by requiring that the imaginary parts 
of the complex Fenchel-Nielsen coordinates satisfy slightly stronger conditions and 
establish that this weaker statement is sufficient for the purposes of the proof of 
the surface subgroup conjecture along the lines in [9]. Our proof adopts the ideas 
of proving the injectivity of the bending along a measured lamination (cf. [7], [8], 
[13] ) which (at least conceptually) simplifies this part of the argument in [9]. 

Let S be a closed surface of genus g > 2 equipped with a pants decomposition 
V . Then V consists of 3g — 3 simple closed curves such that each component of 
the complement is a pair of pants. Following [SJ §2] (see also §2), to each cuff 
C € V we associate complex half-length hl(C) <S C/27riZ and complex twist-bend 
parameter s(C) G C/(27riZ+/iZ(C)Z). An assignment of half-lengths and twist-bend 
parameters to C G V induces a representation of the fundamental group into 
PSX 2 (C). The representation is Fuchsian if and only if {(hl(C), s(C)}cev G 
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The following theorem characterizes a neighborhood of the real subspace R 39-3 
inside C 3ff ~ 3 which gives quasiFuchsian representations. We note that the size of 
the neighborhood is independent of the genus g. 

Theorem 1.1 (Kahn-Markovic [9]). There exist universal e,Ko > and R(e) > 
such that the following is satisfied. Let S be a closed surface of genus g > 2 and 
let V be a pants decomposition of S. If p : tti{S) — > PSL2(C) is a representation 
which is discrete and faithful on each pair of pants in V and if the reduced complex 
Fenchel- Nielsen coordinates on each cuff C G V satisfy 

(1) \hl(C) - R/2\ < e 
and 

(2) \s(C)-l\<e/R 

for some e < e and R > R(e), then p : iti(S — > PSL2( < C) is injective and p(iti(S)) 
is quasiFuchsian. 

Moreover, let S be endowed with a hyperbolic metric whose reduced Fenchel- 
Nielsen coordinates are hl(C') = R/2 and s(C) = 1 for each C G V . Then there 
exists an injective map f : d^S — > dooM 3 which conjugates tti(S) into the above 
quasiFuchsian group and which extends to a (l + K e)-quasiconformal map ofd^M 3 
onto itself. 

We give a new proof of the above theorem under assumptions © and 

(3) \hl(C)-R/2\<e/R. 

Even though (J3J) is stronger than ([1]) (which makes our statement weaker than 
the above theorem) , it turns out that this is enough for the purposes in [!| . At the 
end of Introduction we indicate how to sec that ((3j) follows from the fact that the 
skew pairs of pants are "well-distributed" inside the three manifold which proves 
that the weaker statement suffices. One advantage of using ([3]) instead of (JTJ) is 
that we do not need to require that p is discrete and faithful on pairs of pants in 
V in order to establish the injectivity of the representation p : tti(S) — > PSL2(<C). 
In particular, p is discrete and injective on each pair of pants of V if it satisfies ([5]) 
and ([3]). 

In [§] , Theorem 11.11 is proved by estimating the derivative (along a path of rep- 
resentations connecting the Fuchsian representation with the representation corre- 
sponding to the given reduced Fenchel- Nielsen coordinates) of the distance between 
the images in H 3 of two lifts of geodesies C G V in H 2 from the above by a function 
of the distance between these two lifts of geodesies at the representation. This leads 
to an inductive argument which gives the desired theorem. 

Our approach is to decompose each pair of pants in V into two ideal hyperbolic 
triangles by adding three infinite geodesies such that each end of each added ge- 
odesic spirals around a different cuff. The union of cuffs of V together with the 
added geodesies in each pair of pants is a maximal geodesic lamination A in S with 
finitely many leaves. Let A be the lift of A to the universal covering H 2 . The re- 
duced complex Fenchel-Nielsen coordinates {(hl(C), s(C)}cev induce a developing 
map / : dooM 2 — > dooIHI 3 which conjugates tti(S) < PSL2(R.) into a subgroup of 
PSL,2{ < C). The developing map extends to complementary triangles of A to define 
a pleated surface / : H 2 — > H 3 which is pleated along A (cf. [3] and also §3). Each 
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pleated surface along A induces a finitely additive (C/27riZ)-valued transverse co- 
cycle a to A which measures the shearing and the bending along A (cf. [3j). The 
bending cocycle is the imaginary part j3 of the transverse cocycle a which is an 
(M/27rZ)-valued transverse cocycle to A measuring the amount of the bending of 
the pleated surface. We translate the reduced complex Fenchel-Nielsen coordinates 
into the bending transverse cocycle j3 to A as follows. 

An isolated leaf I of A is on a common boundary of two complementary ideal 
triangles A 1 (7) and A 2 (7) to A. Isolated leaves of A accumulate to each lift C of 
each cuff C e V from both sides of C. Let S be endowed with a hyperbolic metric 
whose Fenchel-Nielsen coordinates are {(Re(hl(C)), Re{s{C))} c and divide each 
pair of pants of V into two hyperbolic hexagons Ei and S 2 by drawing common 
orthogonal arcs between pairs of cuffs of each pair of pants in V . Each hexagon 
£ on the surface S lifts to infinitely many hexagons in the universal covering H 2 . 
Recall the assumptions \Re(s{C)) - 1| < e/R and \Re(hl{C)) - R/2\ < e/R, for 
R > R(e) and < e < e. A cuff C is the union of two boundary sides of two 
hexagons coming from the pair of pants on one side of C as well as the union of 
two boundary sides of two hexagons coming from the pair of pants on the other 
side of C. The boundary sides of the hexagons from one side of C are not exactly 
matched along C with the boundaries of the hexagons from the other side of C 
but they are glued with a shift close to 1 by the condition \Re(s(Cj) — 1| < e/R. 
It follows that for each hexagon Ei, i = 1,2, on one side of C there is a unique 
hexagon i = 1,2, on the other side of C such that the common subarc of their 
boundary sides on C has length close to R/2 — 1. We will say that Ej and £J are 
O-neighbors in this case. Two lifts £j and E^ to H 2 of O-neighbors hexagons are also 
called O-ncighbors if they meet along a lift C of C with a common subarc of length 
close to R/2 — 1 (cf. §3). If hexagon E is a lift of a hexagon E, then E intersects 
infinitely many complementary triangles to A. There is a unique triangle A^ such 
that its intersection with E is a hexagon, and we call Aj, the canonical triangle of 
£ (cf. §3 and Figure 1). 

Theorem 1.2. There exists Cq > such that the following holds. Let {hl(C), s(C)}ceV 
be the reduced complex Fenchel-Nielsen coordinates that satisfy ([3]) and ([2|) ; and let 
j3 be the induced bending transverse cocycle to the lamination A. If I is an isolated 
leaf of A and A 1 (I), i = 1,2, are complementary triangles to A with a common 
boundary side I, then 

(4) I^A^A 2 ^))!^. 

If Ei and £2 are O-neighbors hexagons, and and A^ are their canonical 

triangles, then 

(5) |/3(A £i ,A g2 )|<^. 

Theorem 11.21 translates the original problem of whether the reduced complex 
Fenchel-Nielsen coordinates give a quasiFuchsian representation into whether a 
bending cocycle gives a quasiFuchsian representation. We point out that any con- 
dition on the bending cocycle that guarantees injectivity of the bending map on 
dooM 2 necessarily depends on the hyperbolic metric from which the bending starts. 
In our case, a sufficient information about the hyperbolic metric is given by the fact 
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that a unit length hyperbolic arc in H 2 can have at most 2R + 2 intersections with 
the lifts of the cuffs (cf. [9J Lemma 2.3] and Lemma [3.2]) . When the transverse 
bending measure is countably additive, then it is well-known that the bending mea- 
sure which is uniformly small on each transverse arc of length 1 gives a bending 
map which is injective on <9ooH 2 (cf. [7], [8], [H]). The above sufficient condition 
for the injectivity of the bending along the measured laminations is universal in 
the sense that it does not depend on the genus of the surface and, in fact, it works 
for any surface including the unit disk. The main difficulty in proving that the 
bending along finitely additive transverse cocycles is injective on dooET 2 lies in the 
fact that the total variation of the transverse bending measure is infinite. However, 
conditions (J3j) and (JSJ) guarantee that the bending map behaves "semi-locally" as 
the bending map along a measured lamination. Using ideas from |13| . we prove 
that the above conditions on the bending cocycle and the hyperbolic metric are 
sufficient to guarantee injectivity on dooM 2 of the bending map. Holomorphic mo- 
tions provide the desired bound on quasiconformal extension of the restriction to 
dooM 2 of the bending map. 

Theorem 1.3. Given Co, there exist e > 0, K$ > 1 and R(e) > such that for 
< e < e the following is satisfied. Let S be a closed hyperbolic surface equipped 
with a maximal, finite geodesic lamination X such that each closed geodesic of X has 
length in the interval (R — ^=r-,i?+ ) for some R > R(e) and that each geodesic 
arc on S of length 1 intersects at most Cq ■ R closed geodesies of X. If a bending 
cocycle j3 transverse to the lift X in H 2 satisfies and ^ then the induced bending 
map 

fp : dooll 2 -> ^H 3 

is injective and the induced representation of -K\{S) is quasiFuchsian. The bending 
map extends to a (1 + Kqc) -quasiconformal map fp : <9ooH 3 — > dooM 3 . 

We give an analogue of the above theorem for non-finite geodesic laminations 
and bending (finitely additive) transverse cocycles [14]. 

It remains to explain why the condition \hl(C) — R/2\ < e can be replaced with 
the condition \hl(C) — R/2\ < e/R. The geodesic flow on a closed hyperbolic three 
manifold M is exponentially mixing [12] . Let F{M) be the 2-frame bundle over 
M. Since the hyperbolic Laplacian of M has a spectral gap the following holds by 
[12] , There exists q > which depends on the three manifold M such that for any 
two C" l/ * y -functions if, ip : F{M) -> R we have 

(6) A(J"(M)) f (g*i))ipdk- [ ipdA [ <pdA <Ce~ qt , 

where A is the Liouville measure on T and the constant C depends on the C 1 -norms 
of tjj and tp. 

Let f e : F(M) — ► R be a non-negative C°°-function supported in the e-neighborhood 
of a point in .F(M 3 ) with fj?r M \ fedh = 1, called a bump function for the e- 
ncighborhood. By applying (jB]) to / £ , Kahn and Markovic [5] proved that there 
exist triples of 2-frames, called tripods, that after traveling a long time t > along 
the geodesic flow return to their e-ncighborhoods. These tripods define skew pairs 
of pants in M whose cuff lengths are R = 2t — 2 log | with a possible error D ■ e, 
for some D > because the expression on the right of (JSJ goes to as t — > oo (cf. 
Lemma 4.6]). 
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It is possible to improve the estimate on the complex length of the cuffs of the 
above skew pairs of pants. Note that the constant C in ((6]) can be estimated (cf. 
|12j ) in terms of iff-Sobolev norms to be CollV'II.H'flMl.fff > where Co is a fixed 
constant. Then, for a given time t geodesic flow, we consider bump function f e / t 
for e/t- neighbor hood of a point in !F(M). The bump function f e / t can be produced 
by scalling the domain and the size of f £ such that ||/ e /t||ij2 < P2(i)||/e||//|, where 
P2(t) is a polynomial in t of degree 2. From (|6]) we get 



as t — >• oo. This implies that the skew pairs of pants have cuffs of the length R 
within e/ ' R, when we choose an appropriate value for t = t(R) thus obtaining ([3]). 

Acknowledgements. I am grateful to Vladimir Markovic and Hideki Miyachi for 
various discussions regarding this work. 



Let S be a closed surface of genus g > 2 and let ni(S) be its fundamental group. 
Let V be a pants decomposition of S, namely V consists of 3g — 3 simple, closed 
curves on S such that the components of the complement of V are pairs of pants. 
A representation p : ni{S) — > -PS'Z^C) associates to each cuff C € V two complex 
numbers: the complex length and the twist-bend parameter. In total, 63—6 complex 
numbers is associated to a representation p, called the complex Fenchel-Nielscn 
coordinates. The complex Fenchel- Nielsen coordinates were introduced in [10) and 
|16| , and it was proved there that the quasiFuchsian space of S is parametrized by 
an open subset of C 69-6 which contains the real locus IR 69-6 . We use the reduced 
Fenchel-Nielscn coordinates introduced by Kahn and Markovic j9j §2] and we refer 
the reader to their article for more details. 

Let a and /3 be two oriented geodesies in H 3 . Let 7 be their common orthogonal 
oriented from a to /?. The complex distance d 7 (a, (3) between a and ft is defined to 
have a positive real part equal to the distance between a H 7 and j3 H 7, while the 
imaginary part of c? 7 (a, /3) is the angle between the parallel transport along 7 of the 
unit tangent vector to a at a n 7 and the unit tangent vector to j3 at /3fl7. Since the 
imaginary part of d 7 (a, (3) is well defined modulo 27ri, we have d 7 (a, /3) € C/27riZ 
(for more details, cf. [H §2]). 

Let LIo be a pair of pants and 7ri(rio) be its fundamental group. Consider a 
representation p : 7ri(IJo) — > PSL2(C) which is faithful and loxodromic. Namely, 
the cuffs Ci, i = 0,1,2, of n are represented by loxodromic elements p(Ci) G 
PSLi2(C). Let ji be the axis of p(Ci) and rji be the common orthogonal to 7;_i 
and 7i+i, for i = 0, 1, 2, where the indices are taken modulo 3. Then the half-length 
hln Q ,p(Ci) of the curve Ci associated to the representation p is d 7i (rfc—i, ?7i-(-i) (cf. 



Consider a representation p : iri(S) — > PSL2(C) of the fundamental group tti(S) 
of a closed surface S of genus at least two into PSL2(C) and fix a pants of decom- 
position V . The representation p is viable if p : 7Ti(II) — > PSL2{ ( £) is discrete and 
faithful for each pair of pants II of the pants decomposition V, and for any two 
pairs of pants IT and II' with a common cuff C we have hln, P (C) = hlw, P (C) (cf. 
[9]). For a given viable representation p, we define the complex half- length of a 
cuff C G V by hl(C) = hln, P ( C ) = hl n>, P {C) G C/2niZ, where II and IT arc pairs 





2. The reduced complex Fenchel-Nielsen coordinates 
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of pants with one cuff C (cf. [9]). Let II and II' be two pairs of pants with cuffs 
Ci, i = 0, 1, 2, and C[, i = 0, 1, 2, respectively such that Go = C = C. Let 7^,7^ 
be the axes of p(Gj), p(G z '). Let r/i and 77^ be common orthogonals to 7i-i,7i+i 
and 7,'_ 1 , 7 l ' + i, respectively. The twist-bend parameter s(C) is the complex distance 
between unit tangent vector to 771 at the point 771 PI 70 and the unit tangent vector to 
r][ at the point rj^ 1H70. The choices involved guarantee that the complex twist-bend 
parameter s(C) is well defined in C/(27riZ + W(G)Z). 

3. Pleated surfaces and transverse cocycles to geodesic laminations 

Recall that S is a closed surface of genus g > 2. Let A be a maximal geodesic 
lamination on S, namely each component of the complement of A is an ideal hy- 
perbolic triangle. We do not need to specify a hyperbolic metric on S in order to 
be able to talk about geodesic laminations on S (cf. [3]). 

Let tt : H 2 — > S be the universal covering for a metric m and let A = 7r _1 (A). An 
abstract pleated surface for S with the pleating locus A is a pleating map / with the 
pleating locus A from the hyperbolic plane H 2 into the hyperbolic three-space H 3 
which is cquivariant under the action on H 2 of the covering group G of S and the 
action on H 3 of a subgroup Gj of PSL2( < C). If the continuous extension of / from 
the ideal boundary docW 2 of H 2 to the ideal boundary SooH 3 is injective then the 
group is quasifuchsian and / projects to a pleated map from S = H 2 /G into 
the quasifuchsian three-manifold H 3 /Gy. 

In this article we consider only finite maximal geodesic laminations on S which 
are necessarily obtained by triangulating pairs of pants of a pants decomposition V 
of S as follows. Let IIi and II2 be two pairs of pants of V that have G € V as one 
of its boundaries. It is possible that LIi = II2. Assume that ideal triangulations of 
IIi and II2 are given. Let a\ for j = 1,2 be the boundary edges of the triangulation 
of IIi whose one end accumulate at G, and similarly let a J 2 for j = 1,2 be the 
boundary edges of the triangulation of II2 whose one end accumulate at G. Let G 
be a lift of G to H 2 . Then there are adjacent lifts a\ of a\ for j = 1,2 that share 
an ideal endpoint x\ with G, and there are adjacent lifts a 2 of a\ for j = 1,2 that 
share an ideal endpoint X2 with G. Either x\ = X2 or x\ 7^ x%- If x\ = x% then, 
we say that the triangulations of the two pairs of pants with common boundary G 
accumulate in the same direction on C. From now on, we assume that A-p is a finite, 
maximal geodesic lamination that is obtained by triangulating pairs of pants of V 
such that the triangulations of pairs of pants with common boundaries accumulate 
in the same direction at each G € V . 

Let {Ilj} 2 ^ 2 be the pairs of pants in V . Given a pair of pants IL, in V with cuffs 
G| €V,i = 1, 2, 3, denote by 7^ € tti(S) the elements representing closed curves Cf 
such that 7^727i = id in tti(S). Let {(hl(C), s(C))}c£V be the reduced complex 
Fenchel- Nielsen coordinates that satisfy <j2j) and ((3J. By (TQl Proposition 2.3], there 
exists a representation p : ni(S) — > PSL 2 {C) which realizes {(hl(C), s(C))}cev 
such that p{-fi e PSL 2 (C), for i = 1,2,3, and j = 1,2,..., 2g - 2 arc loxo- 
dromic and p(^j\ ), i = 1,2, 3, have distinct endpoints for each j = 1, 2, . . . , 2g — 2. 
Let S be endowed with the hyperbolic metric whose Fenchel-Nielsen coordinates 
{(Re(hl(C)), Re(s(C)))}cev are the real parts of the reduced complex Fenchel- 
Nielsen coordinates {(hl(C),s(C)}cev- Let G be the covering group for the uni- 
versal covering tt : H 2 — > S. Consider the lifts G to H 2 of the cuffs of V. Then there 



COMPLEX FENCHEL-NIELSEN COORDINATES WITH SMALL IMAGINARY PARTS 7 

exists a developing map / from the set of endpoints of C € V into SooHI 3 which 
realizes the reduced complex Fenchel-Nielsen coordinates {(hl(C),s(C)}cev- The 
map / extends to an abstract pleating map as follows. Let A-p be the lift of A-p 
to H 2 . Each geodesic of Xj> which is not a lift of a cuff has its both endpoints at 
the endpoints of two lifts of two different cuffs of a single pair of pants in V which 
implies that the endpoints are distinct. Thus / extends to map each geodesic of A-p 
into a geodesic of H 3 . Since the complementary components to A-p are ideal hyper- 
bolic triangles, it follows that we have an extension / : H 2 — > H 3 which determines 
an abstract pleated surface with the pleating locus A-p. Thus the representation p 
realizes the geodesic lamination Ap (cf. [2]). 

An abstract pleated surface / : H 2 — > H 3 with a pleating locus Ap> determines 
a (C/27riZ)-valued transverse cocycle a to the geodesic lamination Ap (cf. [3]). 
Namely, a determines a finitely additive assignment of a number in <C/2niZ to 
each arc transverse to Ap (with endpoints in the complementary triangles of A-p) 
which is homotopy invariant relative Ap . If A; is a geodesic arc connecting triangles 
Ai and A 2 , then we write a(Ai, A 2 ) = a(k) because a(k) depends only on the 
homotopy class of k relative Ap. The real part of a is an R- valued transverse 
cocycle which completely determines the path metric on the pleated surface (cf. 
[3]). The imaginary part of a is an (R/27rZ)-valued transverse cocycle (3 to the 
geodesic lamination Ap. The transverse cocycle j3 determines the amount of the 
bending of the pleated surface / : H 2 -> H 3 (cf. [3]). 

Our first task is to translate the conditions ([3]) and ([2]) in terms of the associated 
transverse cocycle to Ap. Let / : H 2 — >• H 3 be the pleating map corresponding to 
the reduced Fenchel-Nielsen coordinates {hl(C), s(C)}cev starting from the real 
Fenchel-Nielsen coordinates {Re(hl(C)), Re(s(C))}c£V as above. We also lift the 
decomposition of the pairs of pants of V into right-angled hexagons. A right-angled 
hexagons on S lifts to an infinite collection of right-angled hexagons in H 2 . Fix a 
lift C € 7T (C) of the closed geodesic C and fix a lifted hexagon S that has one 
boundary side on C. Then there is a unique lifted hexagon E' with one boundary 
side on C which lies on the opposite side of C such that the distance between the 
corresponding vertices of E and E' on G is equal to Re(s(C)). We say that E and 
E' are O-neighbors. Thus O-neighbors hexagons meet along C and have an arc of 
length R/2 — Re(s(C)) in common (cf. Figure 1). If two hexagons E and E" meet 
along their boundaries but they are not O-ncighbors then we call them 1-neighbors 
(cf. Figure 1). 

Fix a lifted hexagon E in H 2 . Among all complementary triangles to A-p there is 
a unique triangle As whose all three boundary sides intersect E. We call As the 
canonical triangle for E. Let E t be the intersection of E and As- Then E \ E t has 
three connected components each being a quadrilateral (cf. Figure 1). Let T-L be 
the set of all lifted hexagons in H 2 . Then 

TH t = |J E t 

sew 

separates geodesies in 7r _1 (C) (cf. Figure 2). We give a proof of Theorem II .21 from 
Introduction. 





Figure 2. The set TU t 



Theorem 3.1. There exists Co > such that the following holds. Let {hl(C), s(C)}cev 
be the reduced complex Fenchel-Nielsen coordinates such that 

\M(C)-R/2\<± 

and 

\s(C)-l\<^. 

Let S be endowed with a hyperbolic metric whose Fenchel-Nielsen coordinates are 
{Re(hl(C)), Re(s(C))}cev- Let X-p be a maximal geodesic lamination obtained by 
triangulating pairs of pants of V such that the edges of the triangles from both sides 
of each C £ V accumulate in the same direction. Let f : H 2 — > H 3 be the bending 
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map with the bending locus Xp = ir~ 1 (Xp) which realizes the complex Fenchel- 
Nielsen coordinates {hl(C), s(C)}ceV> where it : H 2 — > S is the universal covering. 
Denote by j3 the bending cocycle transverse to X-p for f. Let I be an isolated leaf 
of X-p which is on the boundary of two complementary triangles Ai(Z) and A.2(l) of 
Xp . Then 

\P(A 1 (l),A 2 (l))\<% 

Moreover, let Ei and E2 be 0-neighbor hexagons and let As 1 and As 2 be their 
canonical triangles, respectively. Then 

|/3(A Sl ,A S2 )|<^. 

Proof. Let II be a pair of pants in V with boundary curves Ci, i = 0, 1, 2. Let U, 
for i = 0,1,2, be the geodesies of X-p that triangulate II such that U + i and U+2 
accumulate on Ci, for i = 0, 1, 2, with the indices taken modulo 3. Let Ci be a lift 
of Ci to H 2 and let U+\, U+2 be consecutive lifts of fj+i, U+2 that share a common 
endpoint with Ci. Let 7, € PSL2(M.) be the deck transformation corresponding to 
Ci such that ^(U+i) = is adjacent to U+2- Let l' i+2 = li{U+2)- Then V i+2 is 
adjacent to 

Let ri + 2 be the geodesic ray orthogonal to f{li+ 2 ) that starts at the endpoint of 
f{U+\) which is not in common with f(Ci). Let r' i+2 be the geodesic ray orthogonal 
to f(U+2) that starts at the endpoint of /(([,[) which is not in common with /(Cj). 
Define Si+2 to be the complex distance between the unit tangent vector to r' i+2 at 
r 'i+2 H f{U+2) and the unit tangent vector to ri+2 at ri+2 H f(k+2)- Define Si+i 
using the geodesies f(U+2), f(k+2) similar to the above. Then 

Si+l + Sj +2 = 

where #i = / ° 7s ° / _1 <E PSL,2(C) and ^(<5i) is the complex translation length of 
<5i, for i = 0,1,2. Solving the above system gives 

l(S i+1 ) + l(6 i+2 ) - l(Si) 
Si = 2 

for i = 0,1, 2. Since 

|M^(fc))| < ^ 

it follows that 

|^(A 1 (/,) ) A 2 (/,))|<^ 

for i = 0, 1, 2 and some Co > 0. 

Let E C H 2 be a lifted right angled hexagon from a pair of pants II whose 
boundary sides lie on Ci, i = 0, 1, 2. We fix lifts Ci of Ci such that three sides of 
E lie on d for i = 0, 1, 2. Let Ej be the skew right angled hexagon whose three 

sides lie on f(Ci), /(C2) and /(C3). Then the complex lengths of these sides are 
hl(Ci), hl(C2) and hl(Cz). These sides are called long sides and the other three 
sides of E^ are called short sides. Denote by hi the short side of E ; which connects 

/(Ci+i) and f{Ci+2)- Then the hexagon cosine formula directly gives (cf. [4], [9])) 

l(hi) = 2 e -# + lH w (C I +i)+W(C I +2)-W(C 1 ))] + ( e -3H/4) 
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Figure 3. Computing the bending cocycle. 

where I (hi) is the complex distance between /(Ci +1 ) and f(Ci + 2)- This implies 

\Re(l(h i ))\=0(e- R ' i ) 

and 

\Im(l(h i ))\ = 0(^e- R /*). 

Let Ei and £2 be two 0-neighbors hexagons in H 2 , and let As x and As 2 be their 
canonical triangles. Let C £ V = ir -1 ^) be the geodesic which separates Ae i and 
As 2 , and let C — n(C) £ V . Note that both Si and E2 have one boundary side on 
C. Normalize the bending map such that the ideal triangles /(Asj) and /(As 2 ), 
have a common endpoint 00, and that f(C) has endpoints and 00. Let C{ for 
j = 1,2 be the two geodesies of V (different from C) which contain boundary 
sides of Si, and let C ] 2 for j = 1,2 be the two geodesies in V (different from C) 
which contain boundary sides of £2- We can assume that the twist-bend s(C) is 
the complex distance (along f(C)) between the common orthogonal to f(C\) and 
f(C), and the common orthogonal to /(Cj) and f(C). It follows that the complex 
distance (along f(C)) between the common orthogonal to f(Cf) and f(C), and the 
common orthogonal to /(Cf) anc ^ f(C) * s a l so equal to the twist-bend s(C) (cf. 
Figure 3). 

We recall the definition of /3(A^ 1 , As 2 ) given by Bonahon [3]. Let W be the com- 
ponent of H 2 \(Ae 1 UAe 2 ) which separates Ax^ and As 2 - Denote by X-p (A^ , A^ 2 ) 
the set of leaves of X-p which separate Aj^ and As 2 , and orient them to the left as 
seen from As x ■ The leaves of X-p divide W into hyperbolic strips and the images 
under / of the hyperbolic strips are two-dimensional hyperbolic strips in H 3 . Each 
such hyperbolic strip intersects dooM 3 in two circular arcs with a possibility that 
one is reduced to a point such that one circular arc is bounded by the negative 
endpoints of the leaves f(X-p(A^ 1 , As 2 )), and the other by positive endpoints. Let 
7 £ dooM 3 be an oriented, piecewise circular curve formed by concatenating the 
circular arcs bounded by negative endpoints from Ajji to As 2 - Let wa Si be the 
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outward tangent vector to the circular arc of the intersection of /(Asj) n <9ooH 3 , 
and let i>a s be the inward tangent vector to the circular arc of the intersection 
/(A S2 )nalH 3 . Then (cf. [3]) 

/3(A Sl , A E2 ) = Z(v Asi , v Ae2 ) - ^2 

w 

where Z(wa e t^a s ) is the angle under Euclidean parallel transport in C, (3w is 
the signed curvature of the circular subarc W of 7 and the sum is over all circular 
subarcs of 7. In our case, all circular arcs are Euclidean segments and each term of 
the sum in the above formula is zero. Thus we obtain 

/?(A Si ,Ae 2 ) = ^(VA Sl ,VA Ta )- 

To finish the proof we refer to Figure 3. The vector i>a Si is parallel to the 
vector x% in <9ooHI 3 whose initial point x is an endpoint of f{C\) and terminal 
point y is an endpoint of f(C\) as in Figure 3. Similarly, the vector i>a Sq is 

parallel to the vector y'x' in <9ooIHI 3 whose initial point y' is an endpoint of /(Cf) 
and terminal point x' is an endpoint of f(Cf) as in Figure 3. We normalize the 
situation such that the short sides hi and /12 of Ei meet C at j = (0, 0, 1) £ H 3 and 
e -Re(hi(C))j _ Q e -R/2j g jj3 f or e --^ < C 1 < e"ff. In this case, the points where 

the short sides h[ and h' 2 of E 2 meet C are e Re ^°^j = Cej G H 3 , e~"s < C < e~R, 
and e « e ( s ( c )- w ( c ))j = de 1 "* j € H 3 , e"^ < d < . 

If hi lies in the xz-plane in H 3 then x is an analytic function of the complex 
length l(hi) of hi. An explicit (and elementary) computation shows that the deriva- 
tive of x in the variable l(hi) at the point l(hi) = is non-zero. Thus the euclidean 
distance from itoOe <9ooH 3 is 0(\l(hi)\) = 0(e~ R / A ) (this holds without the 
restriction that hi is in the xz-planc). Since y is the image of x under the map 
z 1 ^ e~ hl ( C 'z, it follows that the distance between y and is 0(e~ 3R ^ 4 ). Similar 
statements hold for x' and y' , respectively. Consider the Fcnchcl- Nielsen coordi- 
nates {(Re(hl(C)),s(C)}c£V and let fn e be the corresponding developing map. 
We normalize fn e such that fn e {C) has endpoints and 00, and that /R e (Asi) 
and /i?e(As 2 ) have a common endpoint 00. Moreover, we require that the common 
orthogonal between fR e {C) and fR e {C\) meets fn e (C) at j G H 3 , and the common 
orthogonal between f Re (C) and fR e {Cf) meets fR e (C) at e 1 + ( e / i? )j g H 3 . Let x , 
yo, x' and ?/„ be the endpoints of fRe{C\), fRe{Cl), fRe(Cf) and /fl e (C|) that are 
different from 00, respectively. 

Let fj m be the developing map which maps the pleated surface for {(Re(hl(C)), s(C))}ceV 
to the pleated surface for {(hl(C), s(C))}cev and fixes C. Then x = fi m (xo), 
V = fim(vo), x' = fi m (x'o) and y' = fi m {Vo)- In terms of the geometry, x is the 
image of the endpoint xq of the geodesic fR e {C\) under the rotation around the 
common orthogonal to fR e (C) = C and fn e {C\) with the angle of the rotation 
equal to the imaginary part of the complex length of the common orthogonal to 
f(C) = C and f{C\)- The cosine formula estimates this angle to be 0(j^e~ R / 4 ). 
Then the euclidean distance between xq and x is 0(-^e _fl / 4 ) which implies that 
the distance between x andO is 0(e~ R / 4 ). Note that yo and y are the images of .To 
and x under the maps z M- e _i? / 4+ ( 1+ ^°^). Thus the euclidean distance between 
y and yo is 0(-^e~ 3R ^ 4 ) and the distance between y and is 0(e -3fl / 4 ). Similar 

properties hold for x' , x' and y' , y'. The angle between the vectors xoyo and y' Xo 
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is s(C) because the length of C £ V is real (which means that the hexagons are 
not skewed). The above shows that the angle a;o?/o and xtj is O(j^), and the same 

estimate for the angle between y' x\ and y'x' . Thus the angle between x% and y'x! 
is O(j^) which finishes the proof. □ 

The definition of the bending map. Let Ai and A2 be two complementary triangles 
to A. Bonahon [3 defined the bending map fp\A 2 — ¥?Ai,a 2 normalized to be the 
identity at Ai as follows. Let V v — {A' 1; A 2 , . . . , A' p } be a sequence of complemen- 
tary triangles to A which separate Ai and A2 given in the order from Ai to A2. 
Define 

9 A ,J s A ; 9 A ? 9 A , 2 9 A ^ s A r 

where i?g is the hyperbolic rotation around the axis g C H 3 by the angle b £ R, 
and is the geodesic on the boundary of A- which is closest to Afc for k = 1, 2. 

Let P be the family of all complementary triangles to A that separate Ai and A2. 
If V v — > V in the sense that V p is an increasing family with U^ 1 7- > p = 7-\ then the 
limit 

V>Ai,A 2 = um 

exists and it is independent of the choice of V v (cf. [3]). Then 

, D /3(Ai,A 2 ) 
VAi,A 2 = VAi ,A 2 oWaj 
9a 2 

The following lemma is established in [5]. We give a different proof below. 

Lemma 3.2. Under the above assumptions, a geodesic arc in H 2 of length 1 inter- 
sects at most 2R + 2 geodesies from tt^ 1 ^), when R is large enough. 

Proof. Let I be an arc of length 1 which transversely intersects geodesies of V = 
^^(■p). Let {Ci, C*2, ■ • ■ j Cn} be the geodesies in V which intersect I in the given 
order and we orient them to the left as seen from the half-plane in H 2 \ C\ which 
does not contain C2. For R large enough, consecutive geodesies in {C\, C2, . . . , C n } 
are connected by the short arcs of the hexagons (otherwise I would intersect two 
short sides of a single hexagon which would imply |Z| > R/A > 1). Given Cj and 
Cj+i , let hj be the common orthogonal, and let x~j = Cj PI hj and x~ +1 — Cj+\ PI hj 
for j = 1, . . . ,n — 1, and x+ = x~. Given a £ Cj, define r(a) to be the signed 
distance between a and xlf . Issue a geodesic g a through a such that the angle of 
intersection between Cj and g a is equal to the angle of intersection between Cj+i 
and g a ■ Let a' = g a D Cj+i- Then the signed distance between a' and x~ +1 is equal 
to r(a) and consequently the signed distance between a' and x^ +1 is r(a) — (1 ± -g) 
because the twist parameter is 1 ± by the assumption. Let r~{a) denote the 
signed distance of a to xj for a £ Cj. Thus ?'~(a') = r(a) for a £ Cj. 

Let Lj = I n Cj. We compare the signed distance between and a^+x to 

the signed distance between L'^ and 2^+1. Consider the hyperbolic triangle with 
vertices Lj, L'j and The angle at Lj is smaller than the angle at L'j (cf. 

Figure 4). By the sine formula for hyperbolic triangles we get 

(7) d(L j ,L j+1 )>d(L' j ,L j+1 ). 
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Figure 4. The number of intersections. 

By the condition on the twist parameters we have 

r(L j+1 )=r-(L j+1 )-(l±^). 

Moreover, we have 

r-(L j+1 )=r-(L' j )±d(L' j ,L j+1 )=r(L j )±d(L' j ,L j+1 ). 
The above gives 

r(L j+1 )=r(L j )±d(L' j ,L j+1 )-(l±e) 

and thus 

(8) r(L„)>r(ii)-l + (n-l)(l±-i) 

for all n > 2 because J2"U d(L' j7 L J+1 ) < YJLi d ( L j, L j+i) < 1 h Y ©■ 

Assume that n > 2R+ 2. Then there is 1 < j < n such that \r(Lj)\ > R by ©. 
We find the contradiction with this inequality by proving that d(Lj, is too 

large in this case. 

We prove that d(Lj,Lj + i) is too large. Without the loss of generality, we assume 
that the quadrilateral Q with vertices Lj, xj xj +1 and Lj + i has a right angle at 
the vertex Z/j+i. It follows then that thee angles of Q are equal to \ since the 
angles at x^ and x~ +1 are equal to ^. An elementary hyperbolic geometry gives 

cosh 2 d(Lj, Lj + i) = cosh 2 d(x~j~ , Lj) sinh 2 d(a;^, xj +1 ) + 1. 

Since 

rf(4,L J .) = |r(L j )l> J R 

and 

the above gives 

d(L 3 -,L i+1 )>|-C 

for a fixed C > and i? large enough. This implies that d(Lj, Lj + i) > 1 for i? 
large enough which is a contradiction. Thus a geodesic arc of length 1 intersects at 
most 2R + 2 geodesies of V. □ 
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4. INJECTIVITY OF THE BENDING MAPS 

The purpose of this section is to prove the following theorem which is the first 
statement of Theorem 11.31 from Introduction. We finish the proof of the remaining 
statements of Theorem 11.31 in the next section. 

Theorem 4.1. Given Co > 0, there exist e > and R(e) > such that for each 
< e < e and R > R{e) the following is satisfied. Let S be a closed hyperbolic 
surface equipped with a maximal, finite geodesic lamination A such that each closed 
geodesic of A has length in the interval (R — jj, R + J=r) and that each geodesic arc 
of length 1 intersects at most CqR closed geodesies of A. Assume that a bending 
cocycle (3 transverse to the lift A in H 2 satisfies 

(9) \P{&\%tf$))\<^ 

for each isolated leaf I and complementary triangles A 1 ^) and A 2 (7) with common 
boundary I, and 

(10) |/3(A Sl ,A S2 )|<^ 

for the characteristic triangles As x and Ax; 2 of each two ^-neighbors hexagons £i 
and £2 (coming from the pants decomposition of S whose cuffs are closed geodesies 
of X). Then the induced bending map 

fp : dooH 2 dooH 3 

is infective. 

Proof. Let x,y £ dooH 2 be two different points. We need to prove that fp(x) 7^ 
fp(y)- Let V be a pants decomposition of S whose cuffs are closed curves of A. 
We fix a decomposition of S into hexagons as in §3 using the pants decomposition 

V and lift it to the universal covering it : H 2 — > S. Recall that A = 7r _1 (A) and 

V = ir^ 1 ^). Let g be the geodesic in H 2 whose ideal endpoints are x and y. If 
jCl 2 \ TT-Lt then g is a lift of some C € V and fpix) 7^ /s(y) because g is in the 
bending locus of fp . 

Therefore we assume that g n TUt 7^ 0- Fix a hexagon E° such that g n E° 7^ 0. 
Let P be a point in <?n£°. The point P divides the geodesic g into two rays g±\. Let 
Pq = P and assume that we have chosen points P±i, P±2, ■ ■ ■ , Ptn in the increasing 
order on g±i such that P±k £ (E±fc)t for distinct hexagons £±jfe, for fc = 1, 2, . . . , n. 
We define P±( n +i) as follows. Let S±(„+i) be the first hexagon after E± n such that 
(S±( n +i))t intersect p±i and that there exists a point P±( n +i) <= 5±i H (S±( n +i))t 
with d(P±n>P±(n+i)) > 1- If such hexagon does not exist, then we set P±( n +i) to 
be the ideal endpoint of g±\. In this fashion we partition each g±\ into consecutive 
arcs of lengths at least 1. It is possible that the partition is finite when P±( n +i) is 
the endpoint of g±\. 

Let g C H 3 be a geodesic ray with initial point po, and let p £ g be another 
point. For < 9 < tt, the cone C(p, <?, 6) with vertex p, axis g and angle 9 is the set 
of all w £ H 3 such that the angle at p between the positive direction of g and the 
geodesic ray from p through w is less than 9. Note that a cone is an open set. A 
non-zero vector (p, v) £ T 1 (H 3 ) uniquely determines a geodesic ray g which starts 
at the basepoint p of v and which is tangent to v. Then C(p,v, 9) is by the definition 
C(p,g,9). The shadow of the cone C(p,g,9) is the set d oa C(p, g,9) of endpoints at 
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<9ooH[ 3 of all geodesic rays starting at p and inside C(p, g, 9). The shadow of a cone 
is an open subset of <9ooH 3 . 

For d > 0, let p^ £ g be the point on g which is on the distance d from po = p. 
Let rj > be the maximal angle such that C(pd, g, rj) C C(po, g, 9). Then rj = r)(d, 0) 
is a continuous function of d and 9. For a fixed < 9 < ir, we have -q(d, 9) > 9 and 
rj(d,9) — > 9 as d — > 0. These properties are elementary. 

Let {P± n } n be the points of the partition of g±%. We consider a sequence of 
cones {C{P±„,g± 1 , § )}. Then 

<9oo(C(P ± ( n+ i),g±i, ^) c <9oo(C(-P±„,5±i, ^) 

for each n € N and we say that the sequence of cones is nested. 

If we prove that the images of the nested cones under the bending map fp 
remain nested then we are done. Indeed, since x and y lie in the intersection of the 
shadows of all nested cones along g x and g_i, since the shadows of C(P ,gi, § ) and 
C(Po, ff-ijf) are disjoint, and if fp preserves the nesting of the cones, it follows 
that fp{x) 7^ fp(y)- It remains to prove that fp preserves the nesting of the cones. 
To see this, it is enough to normalize fp to be the identity on the canonical triangle 
Ae ±ii of E± ra and to prove that 

(/ / 9|A s±(n+1) )(c'ooC(P ± („ + i),g±i, |)) C d 00 C(P± n ,g± 1 ,^) 
for each neN. 

Let a± n be the arc of g±\ between P± n and P±( n +i)- Note that the length of a± n 
is at least 1 and that it can be infinite. We first assume that a± n has finite length. 
Let Ei, E2, . . . , Sfc be the sequence of all hexagons such that (E,) t n a± n 7^ 0, for 
i = 1,2, ...,k. Note that (Ei) t 9 P± n and (Efc)t 9 P±( n +i)- For a hexagon E, 
define C(E) to be the union of all hexagons which are connected by a sequence 
of 0-neighbors to E. Note that C(E) looks like a trivalent tree and that it has 
infinitely many boundary components which are made out of partial boundaries of 
the hexagons in C(E). It is important to note that either C(Ei) = C(Efe„ 1 ), or 
C(Ei) and C(Efc_i) share a boundary component. If not, then the subarc of a± n 
which connects (Ei) t to (Efc_i) t connects two boundary components of some C(E'), 
where C(E') separates C(Ei) and C(Efe_i). Note that the arc which connects a 
short side of a hexagon to a non-adjacent side of the same hexagon has length at 
least i?/4, where the long sides of the hexagon have lengths R/2. It follows that 
the subarc of a± n which connects two boundary components of C(E') has length 
at least R/A — 3. Thus the above subarc of a± n has length greater than 1 when R 
is large enough which is impossible. 

If C(Ei) = C(Efc_i) then we form a new sequence of hexagons Ei, ~E' 2 , . . . E' fc _ 2 , Efc„i 
such that the adjacent pairs of hexagons are -neighbors Enid &±n 

intersects char- 
acteristic triangles of the hexagons in the sequence. If C(Ei) 7^ C(Efe_i) (and 
they share a boundary component) then we can choose a new sequence of hexagons 
Ei, Eg, . . . , E^_ 2 , Efc_i such that each pair of adjacent hexagons are 0-ncighbors 
except one adjacent pair that arc 1-neighbors, and that a± n intersects characteris- 
tic triangles of the sequence. Note that the subarc of a± n that connects (Ei) t and 
(Efe_i) t is of length less than 1. 

The hexagons E^_i and E& are either 0- or 1-ncighbors, or neither 0- nor 1- 
ncighbors. If Efc_i and E^ are either 0- or 1-neighbors, then Ei, E' 2 , . . . , E' fe _ 2 , Efe_i, E^ 
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is a sequence of hexagons whose adjacent hexagons are O-neighbors with the excep- 
tion of at most 2 pairs which are 1-neighbors. Note that the arc a± n could have 
large length in general. If Ej, is a 0-ncighbor of £&_! then there is an arc b± n from 
the second point of the intersection of a± n with the boundary of (£fc_i) t to the 
boundary of (£&)t that has length less than 2. To see this, let C <E ir^ 1 ^) = V 
be the geodesic which contains one boundary side of both £fc_i and £&. Then 
the boundary side of (Sfe_i)i closets to C is in the Cie _ii ' 4 -neighborliood of C 
for some C\ > 0, and the same statement is true for (£fc)t. Since Efc is shifted 
by 1 ± j| with respect to £fc_i, it follows that such b± n exists. Thus the set of 
geodesies of A = 7r _1 (A) that intersect a± n also intersect a geodesic arc c± n with 
the initial point P± n and of length at most 3. Assume now that £& and Efc-i are 
1-neighbors and that C £ P separates them. Let Y,' k be the 0-neighbor of £fc_i 
which is separated by C from £/j_i. It follows that the geodesies of A which in- 
tersect a± n except possibly the last geodesic (namely, the geodesic which contains 
one side of (£&)* closets to C) intersect a geodesic arc of length at most 3 with one 
endpoint P± n . This follows simply by applying the above reasoning to the sequence 
£i, £2, ■ • • j ^fc-ii ^'fc- ^ and £$. are not separated by some C € V, then 

Ei, £ 2 , . . . , Ea;_2i £fc-i sufhees to get the same conclusion. 

We give a proof of the nesting for the second case discussed above and the first 
case above is a subcase of the second. Namely, we are assuming that the set of 
geodesies X(a± n ) of A which intersect a± n is also intersected by a geodesic arc c± n 
of length at most 3 with the initial point P± n with a possible exception of one 
geodesic in A(a± n ). We consider the bending map (/^)|a e = VA El ,A s • Let gk be 
the geodesic of A which contains the boundary of (£fe)t and that separates (£&)* and 
(£fe)t- If (£*;)* H a± n comes before (£' fe )t H a± n along a± n then c± n does intersect 
As fc and this subcase of the second case reduces to the first case. Therefore, we 
assume that (£fc)t f]a± n comes after (EJ,)* H a± n along a± n . The geodesic gk might 
not intersect c± n . We have 

¥>A ElI A Efc =<M El ,A E , °< (9fc) 

where T,' k is the 0-neighbor of Efc_i that is separated from £/. by the geodesic gk- 
We normalize such that P± n = j E H 3 and P±( n +i) = e~ m j, where m > 1. Then 
w = {e~ TO j, — j} is a tangent vector to a± n at the point P±( n +i) pointing towards 
the ideal endpoint of g±\. Lemma A. 3 and the assumptions give 
(11) 

iW< (Al(9t) ' A2(9fc)) ({e-" l J, -j}),{e- m j, -j}) < C\0{Ai(9k),A 2 (g k ))\ < ®± 

for some C > when e > is small enough and R > 1, where {e~ m j, —j} <G TH 3 
is a tangent vector to H 3 based at e~ m j and the function D TB 3(-, •) is defined in 
Appendix formula (fH)) . 
We consider 

fl(A 1!lI A si ) 
PA^.A^ =V>A El ,A s , fe °^ si 

where ^ £ A is the side of Ajv facing Aj^. Let Ajy and A^y 1 be canonical 
triangles of two adjacent hexagons from the sequence Ej := Ei, E 2 , . . . , £$._! := 
Efe_i, £^. Then Ajv and A$v are separated by e P and they have a common 
endpoint Sj with . Let Ti be the family of complementary triangles between As< 
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Figure 5. 



and Asj ^ Let A\,A| be two triangles in Ti which are closets to A^' and let 
A^ + ,A2 + be two triangles in Ti which are closets to Ajy. ^ Let 7$ G P 5X2(151) 

be the element of the covering group of S that corresponds to Cj . Any triangle in 
T% between Aj^ and C,; is the image of either A\ or A 2 under a power of 7^, and 
any triangle of Ti between Ci and As' is the image of either A^ +1 or A^ +1 under 
a power of 7j. 

Let ftj be the horocyclic arc connecting As< and A^' +1 with the center jji = 

c± n H Ci. Note that the length \hi\ of the arc hi is less than a constant multiple of 
the length of the subarc of c±„ connecting Ajv and Ajy. t - Moreover, the length 

/li is less than the sum of the lengths of hi n A|, /ij n A^ 1 " 1 , for k = 1, 2, and of the 
sum of the lengths of the intersections of hi with the translates of A^ and Ai , for 
k = 1,2, under the powers of 7$ such that the common endpoint of A^ and Ci is 
repelling. Then the length of all translates is less than C\hi\e~ l< --'' i ^ 2 , where is 
the real part of the translation length of 7;. To see this, we normalize the situation 
such that & = (0, 1) G H 2 and Ci is the geodesic with endpoints and 00. Then hi 
is the horizontal Euclidean arc which contains (0, 1) £ H 2 and the Euclidean length 
of hi equals the hyperbolic length of hi. Let {/ m } m gN be the geodesies of A with 
one endpoint 00 that separate Ajy and Ci in the increasing order from Ajy. . Let 
{e m }mGN be the geodesies of A with one endpoint 00 that separate A s ^ +i and Ci 
in the decreasing order from As i+1 . Let x\ be the length of the arc of hi between 
fi and /2, and let X2 be the length of the arc of hi between fi and fy. Note that 
f m is mapped to f m +2 by the hyperbolic translation 7, with the axis Ci and the 
attracting fixed point £ dooM 2 . Then the distance between /2m+i and fim+i is 

ml( T ,) ... . ml( 7i | 

X\e 2 ; and similarly the distance between /2m+2 and /2m+3 is x^e 2 for 
m G N (cf. Figure 5). Therefore, the sum of the lengths of the gaps of hi except 
the first two gaps and the last two gaps is bounded by C\hi\e~ 1 ™' 2 . 
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Note that 



(12) 



< Qoi 

— R 

- R 



/3(A^,Al) 
/3(A E -,A S , )|<^ 

^(As', Aa +1 ) 



< 2C £ 

- s 

<T 3C e 

- R ■ 



By the uniform boundedness of the composition of rotations [3], there exists 
C > such that 



id\\ 



where the sum is over all gaps d of c± n , kd is the subarc of c± n from P± n to a point 
in <i, and g d Sl (c/ d Sfc ) is the leaf of A which contains the endpoint of d closer to 
Asj (As fc ). We divide the above sum over the gaps of c± n into two sums and 
J2" ■ The first sum J2' is over all g a P s c ±n H A S ' , for i = 1, 2, . . . , fc, and c±„ n A], 
for Z = 1,2, and the second sum J^" is over the remaining gaps. 

The first sum is finite. By Lemma IQ k < 2R + 2 < AR for R > 1 and by the 
finite additivity of /3, we have that 

|/3(A Sl ,A s; )| <C ie 

for i = 1, 2, . . . , k, as well as 

|/?(A Sl ,A?)| <Cre 

for i = 1, 2, . . . , k and i = 1, 2, and some constant C\ > 0. 
Lemma A. 4 implies 

/ k 

^ < 51 C 2 eN < C 2 |c ±Il |e < C 3 e. 

It remains to estimate We proved above that the total length of the gaps of 
hi with respect to the family Ti of complementary triangles except for the first two 
and the last two gaps is less than Ce~ R ^\hi\. Since X^T=i 1^*1 — C| c ±n| < C4 and 
the cocycle f3 takes values in [— tt, tt) (thus /3 is bounded), Lemma A. 4 gives 
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E 



<Cj2e- R/2 <C 5 Re-V 



for some C5 > 0. Then + can be made arbitrary small when e > is small 
enough and R > is large enough. The above, Lemma A. 3 and 

|/3(A Sl ,A E /)| <Ce 

imply that 

||^a Ei ,a e , - id\\ 

is as small as needed for e > small enough and R > large enough. Then ([T2]) . 
Lemma A. 2 and the above prove that the assumptions of Lemma A.l are satisfied 
for e > small enough and R > large enough. Thus the nesting for fp on a± n 
follows by Lemma A.l. We choose e > and R(e) > accordingly. 

Wc assume now that and are neither 0- nor 1-ncighbors. Then there 

is a unique Ck-i G V which separates £j._x and Sfc, and that contains boundary 
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sides of both of them. Let S' fc be the 0-neighbor of Sl_ 1 which is on the same 
side of Ck-i as Let s > 1 be the number of hexagons in between T,' k and 
There arc two possibilities: either a± n intersect A-^i in which case we say that A-£ k 
is "above" Ajy , or a± n does not intersect A^y in which case we say that A^, k is 
"below" A s , \ 

Assume we are in the former case and let {(71,32, • ■ • , <7s+i} be the geodesic of A 
between Aj^ and As fc . We use the following fact. Let h and hi be two geodesies 

that intersect L = {(0, 0, t) : t > 0} at points e~ m j and e~ m j subtending angles 
e > and e' > 0, where m < m' . Let e" = max{e, e'} and let h" be the geodesic 
that intersects L at the point e~ m j subtending an angle e". Then, for m" > ml 
and e" > 0, we have 

# TH 3(< o <({e- m "j, -j}), {e- m "i, -j}) < 

< max D TU s (</, ({e- ro "i, -j}),{ e - m "j, -j}). 

U \ P <■ Z 7T 

Let 

R - K-/3(Ai( 3 i),A 2 ( 9l )) „ . . . „ d^(A 1 ( 5s+ i),A 2 ( 9s+ i)) 

Then, the above implies that 

D Tm (R s ({e- m "j, -j}), {e~ m "j, -j}) < 



< n max _D Tm3 (R e g , ({e~ m j, -j}), {e~ m j, -j}). 



(13) 

~~ O<0<2tt 

where g[ is the geodesic passing through gi(lL that subtends an angle max{|Z(pi, L)\, . . . ,\Z(g 8 , L)\} 
with L. Lemma A.5 and flT3J| imply that D TM3 (R s ({e^ m " j, -j}), {e~ m "j, -j}) is 
as small as we want when the angle \^(g'i, L)\ is small enough for any < 6 < 2ir. 
Note that 

VA El> A 2fe = ¥>A SlI A ai °VA s , k ,A* h ■ 
Since ipA , A E = Rs, the above gives 

■DtH 3 (^A^ ,A Sfc ({-P±( ra +1) , "j}), {-P±(n+1), -.?}) 

is as small as needed for R large enough. Indeed, the subarc of a±„ from the second 
point of the intersection with the boundary of (Hk—i)t to the first point of intersec- 
tion with the boundary of (S^) t is inside one complement of l~H t as well as long 
sub arcs of the set of geodesies {gi, . . . , g s +i}. Thus a± n and {gi, . . . , g s +i} remain 
in a neighborhood of one C £ V for a long distance when R is large. It follows 
that the angles of intersections between a± n and the geodesies in {g\, g2, ■ ■ ■ , g s +i} 
are small for R large enough and the above applies. The reasoning in the first 
case applies to ^a-z a , and we have the nesting of the images of the cones at the 
endpoints of a± n under the bending map v?A Sl .A Sfc • If Asy ^ is "above" As k then 
symmetry reduces to the previous case. 

It remains to consider the case when a± n has infinite length (in which case the 
endpoint of a± n is also the endpoint of C £ V and a± n C H 2 — T"Ht). An elementary 
(euclidean) considerations prove that when R > 1 the number of geodesies of A that 
intersect the geodesies subrays of a± n which connect two sides of a single hexagon 
is at most 6. Indeed, assume that a± n is the geodesic arc in H 2 with the initial 
point i — e~ R l A and the endpoint £ SooIHI 2 . Then a± n is a circular arc with the 

e fl / 4 + e - E / 4 _./( e K/4 +( ,-H/4)2_4 e -E 

center a = - — ^ and the radius a. The x-coordinate of 
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the intersection of a± n with the horizontal line y = e~ R l 2 is estimated to be more 
than e~ 3R 2. Since the translation length of the element 7 fixing the y-axis is e~ R ^ 2 
and since 7 identifies every second geodesic of A that have cndpoint 00, the claim 
follows. Then applying Lemma A. 3 finitely many times to the sequence of subarcs 
of a± n of lengths R/2, we obtain a nesting property along this sequence. Thus fp 
is injective for e > small enough and R > large enough. 

We choose e and R(e) as the minimum of the choice in all the cases considered. 

□ 

5. HOLOMORPHIC MOTIONS 



We finish the proof of Theorem 11.31 using holomorphic motions. This proof is 
standard once the injectivity is established (cf. jS], [7] and [13]). Holomorphic 
motions were introduced and studied in [11] and the key extension property is 
proved in [15] . 

The cndpoints of the representations of elements of tvi(S) vary holomorphically 
in the complex Fenchcl-Niclsen coordinates. We established that the holomorphic 
variation is injective on the set of cndpoints when the parameters are close to being 
real in the sense of and (jHJ). Thus the holomorphic variation of the endpoint 
of 7Ti(5) is a holomorphic motion which extends by the lambda lemma (cf. [IT] ) 
to a holomorphic motion of the unit circle. Then there exists an extension to a 
holomorphic motion of the complex plane (cf. [T3]). It follows that fp extends 
to a quasiconformal mapping of the complex plane and that the quasiconformal 
constant is less than 1 + K^e for e > small enough and fixed Kq > (cf. [TTj). 
The extension of fp can be chosen to be equivariant with respect to to the action 
of 7Ti(5) (cf. [5]) which finishes the proof of Theorem 11.31 

Appendix 

We use the quaternions to represent the upper half-space model H 3 = {z+tj : z 6 
C,t > 0} of the hyperbolic three-space (see Beardon [TJ), where j = (0,0, 1) £ H 3 . 
The space of isometries of H 3 is identified with PSL-2(C). The Poincare extension 
of A(z) = ffi^ e PSL 2 (C) to H 3 is given in [TJ by 



. , _ (az + b)(cz + d) + act 2 + tj 

{Z + J) ~ \cz + d\ 2 + \c\ 2 t 2 ' 

An isometry of H 3 which is close to the identity moves points on a bounded 
distance from j € H 3 by a small amount and the tangent vectors are rotated by 
a small angle with respect to the Euclidean parallel transport in M 3 . We give a 
quantitative statement for the above including the situation when the points are 
on the unbounded distances from j € H 3 which is needed in our considerations. 

Given P = z + t j e H 3 , we define 

ht(P) = t 

and 

Z(P) = z. 

Consider the tangent space TH 3 to the upper half-space H 3 . Let {P, u}, {Q, v} e 
TH 3 be two tangent vectors based at P, Q € H 3 , respectively. We define 

(14) D TB3 ({P,u},{Q,v}) = max{|^g| - l|, \Z(P) - Z{Q)\, \Z(u,v)\}, 
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Figure 6. 

where /.(u, v) is the angle between the vectors u and v after the euclidean transport 
in H 3 . Note that D m3 {{P, u}, {Q, v}) is not a metric on TH 3 . 

Lemma A.l. Given mo > 0, there exists 8 = S(mo) > such that for any m > mo 
we have 



(15) d oc C(P,v^)ad oc Cti,-j^) 

where {P,v} £ TH 3 satisfies D TB s ({P, v}, {e" m j, -j}) < S. 

Proof. Let x be the center of the Euclidean hemisphere (orthogonal to C) that 
passes through P and touches the unit Euclidean hemisphere orthogonal to C with 
the center OeCc <9ooH 3 (cf. Figure 6). Let y = Z{P) e C and let ip be the angle 
between euclidean segments Px and Py at the point P. 
An elementary (Euclidean) considerations give 

(16) a;>Ci(TOo)>0 

for some constant Ci(mo) > which depends on ttlq. 
This implies that 

<p > C 2 (m ) > 
for some constant ^(ttiq) > 0. Thus 



(17) 9ooC(P, -j, \ + C 2 (m )) c flooCCi, -J, |). 

Since the angle (at the point P) between the hyperbolic geodesic connecting j to 
P and the euclidean segment Py is less than ip, the above inclusion implies (fT5|) for 
S(m ) < C 2 (mo). □ 

Lemma A. 2. Lei g 6 PSL 2 (C) with 

\\9-id\\ < \ 

and let {z + ij, it} 6e a tangent vector to H 3 smc/i t/iat 

^ TH 3({z + ^, W },{e- m j,-j}) <J 
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for < S < Sq with So > fixed. Then there exist C\ , C 2 > depending on So such 
that for every m > we have 

D T ^{g{{z + tj, u }), {e~ m j, -j}) < &S + C 2 \\g- id\\. 



Proof. Denote by g the Poincare extension of g(z) = with ad — be = 1 given 
above. Then 



ht(g(z + tj)) 



< C 1 e- m 5 + C 2 e- m \\g-id\\ 



\cz + d\ 2 + \c\ 2 t 2 

for constants C\,Gi > independent of m > and for all g E PSLi2(G) with 
\\g — id\\ < |. Moreover, 

aclzl 2 + adz + bcz + bd + act 2 



Z(g(z + tj)) 



<C 1 S + C 2 \\g-id\\ 



\cz + d\ 2 + \c\ 2 t 2 

Let u =< ui,v,2,U3 >. Without loss of generality, we assume that \u 2 \ < 5 
and M3 = — j. Let i> = Dg(z + tj)u =< wi, «2, «3 >• Let g = gi + g 2 i + 53J be the 
coordinate functions of 5. Direct computations give 

for some C > and i = 1, 2, 3, where z + tj = x + yi + tj. Moreover, 

\^{z + tj)\<C x \\g-id\\ 



for some C\ > and i = 1,2, and 

1 dg 3 



dt 



(z + tj)\ >l-C 2 \\g-id\\ 



for some C 2 > 0. 

The above inequalities give the following 

M.M 

and 

v 3 < -l + C"(5+\\g-id\\). 

This gives that 

\A-J,v)\ <C"'(5+\\g-id\\). 

The lemma is proved. 



□ 



Let L = {(0, 0, t) : t > 0} C H 3 be the geodesic through j = (0, 0, 1) G H 3 with 
the ideal endpoint £ C C dooH 3 . 

Lemma A. 3. Let h be a geodesic in H 2 C H 3 that intersects L between points j 
and e~ r j for some r > 1. Given eo,So > 0, there exist C(r, eo, So), Co(r, eo, So) > 
such that 

D TW s(R%{{z,u}), {e~ r j, -j}) < CoS + Ce 
for any < e < eo,- < S < So, and {z, u} G TH 3 with 

D T m({z, u}, {e~ r j, -j}) < S, 
where R e h is the hyperbolic rotation around the axis h by the angle e. 
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Proof. The quantity D T - B 3{R t h {{z, u}) 7 {e r j, —j}) is the largest when h is orthog- 
onal to L at the point j. In this case R\ fixes 1 and —1, and 

r 



Therefore, there exists C > such that 

\\Rl-id\\<Ce. 

The lemma follows by Lemma A. 2. □ 

The following lemma is standard (cf. [3]). 

Lemma A. 4. Let D ro (j) C H 3 be the hyperbolic ball of radius ?*o > centered at 
j G H 3 . Then there exists C — C(ro) > such that if hi,fi2 are two hyperbolic 
geodesies with a common endpoint that intersect D ro (j) and if d ro {h\, /12) is the 
hyperbolic distance between hi n D ro (J) and h 2 H D ro (j) then 

\\R e hl R^-id\\<Cd ro (h 1 ,h 2 )e 

for any e > 0. 

Lemma A. 5. Let g be a geodesic in H 2 C H 3 that intersects L = {(0, 0, t) : t > 0} 
between j and e~ m j at an angle e > 0. Then, for any 5 > 0, 

DTas ({R e g ({e- m j,-j}),{e- m j,-j}) < S 

when e = e(6) > is small enough. 

Proof. The angle t\ > between R e g {L) and L satisfies 

(18) |ei|<f-M-|4 

To see this, we normalize such that g = L and L has turned into a geodesic 
with endpoints a < and b > 0. The the geodesic L is parametrized by j(t) = 
2±b + ^ cost + (2±* + sini)j and is parametrized by 7l (t) = (s±*> + 

^2 cos t ) cos 6» + ( 2i± + ^ cos t ) sin 0i + ( 2±£ + i=2 sin f ) j . Thus 

cos ej = „ ' Vn , = an e cos + cos^ e 



which implies 



lerl^sin-^esinp^!' 



We go back to the assumption that L = {(0,0, t) : t > 0}. By ([18]). the absolute 
value of the angle |ei| between L and R g {L) is less than \\e\. Let P = g n L. 
The angle (after the Euclidean parallel transport) between the tangent vector to 
Rg([P, e~ m j]) at the endpoint e~ m j and the vector — j decreases as m! —¥ m for 
all ml such that ht(P) > ht(e^ m ' j) > ht(e- m j). Thus the angle is the largest if 
P = e~ m j which implies that |ei| < ^-|e|. 

Thus, for R large enough, we have 

\Z(R d J{e- m j,-j}),{e- m j,-j})\<6. 
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To estimate the height and z-coordinate of R e g (e~ m j), we note that both \ht{R h {e~ m 
ht(e~ m j)\ and \Z (R h (e~ m j))\ are the largest when g PI h = p = j. Then the an- 
gle between g and R h (g) is ei, where |ei| < ^ |e|. Since g and R e h {g) belong to 
a hyperbolic plane embedded in H 3 which contains the g, we can restrict further 
analysis to the upper half-plane H 2 where we identify i £ I 2 with j £ H 3 . Let 
A £ PSL,2(M.) be an isometry of H 2 which fixes i £ H 2 and maps g into R e h {g)- 
Then A(e~ m i) = R e h (e- m j) for the embedding H 2 C H 3 . Note that A(z) - 
with c, d > and c 2 + rf 2 = 1. It follows that || 
small enough. Furthermore, 



< Cei, for some C > and for lei 



which implies that 



and 



A(e~ m i) 



Im{A{e~ m i)) 



H + l 



Re(A(e- m i)) 



and the lemma follows. 



d\ 2 



□ 
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